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Based on two different Riccati equations with different parameters, many new types of complexiton
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obtained possess various combinations of trigonometric periodic and hyperbolic function solutions,
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1. Introduction

The Riccati equation is used as subequation to find
many algorithms for the construction of particular trav-
elling solutions of a large number of nonlinear evolu-
tion equations [1 – 3]. Generally speaking, the various
extensions and improvements of the Riccati subequa-
tion methods focus mainly on presenting a more gen-
eral expansion ansatz. However, by the existing Riccati
subequation methods the following complexiton solu-
tions can not be obtained: combination of trigonomet-
ric periodic and hyperbolic function solutions, combi-
nation of trigonometric periodic and rational function
solutions, combination of hyperbolic and rational func-
tion solutions. Recently we presented a Riccati equa-
tion rational expansion method [4] to obtain a series of
travelling wave solutions including rational form soli-
tary wave solutions, triangular periodic wave solutions
and rational wave solutions. In the present paper, so-
lutions of two different Riccati equations with differ-
ent parameters are used as two variables in the com-
ponents of a finite rational expansion. This method is
named the multiple Riccati equations rational expan-
sion (MRERE) method, in which we introduce a new
ansatz in terms of a finite rational formal expansion:

Ui(ξ )= ai0+
mi

∑
j=1

∑
r j1+r j2= j

a j
r j1r j2 φ r j1(ξ )ψr j2(ξ )

(µ1φ(ξ )+ µ2ψ(ξ )+ 1) j , (1.1)

where a j
r j1r j2 , µ1 and µ2 (r jn = 1,2, · · · , j; j =
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0,1, · · · ,mi; n = 1,2; i = 1,2, · · · ) are constants to be
determined later, and the new variables φ = φ(ξ ) and
ψ = ψ(ξ ) satisfy two different Riccati equations, i. e.

dφ
dξ

= h1 + h2φ2,
dψ
dξ

= h3 + h4ψ2, (1.2)

where h1, h2, h3 and h4 are constants. So we can
find many new types of complexiton solutions: var-
ious combinations of trigonometric periodic and hy-
perbolic function solutions, various combinations of
trigonometric periodic and rational function solutions,
various combinations of hyperbolic and rational func-
tion solutions, etc. We apply the MRERE method to
the (2+1)-dimensional Burgers equation and find many
new types of complexiton solutions, in the hope that
they will lead to a deeper and more comprehensive un-
derstanding of the solution structures resulting from
the (2+1)-dimensional Burgers equation.

2. Summary of the Multi-variable Riccati
Equation Rational Expansion Method

In the following we would like to outline the main
steps of our method:

Step 1. Given a system of polynomial PDEs
with constant coefficients, with some physical fields
ui(x,y, t) in three variables x, y, t,

∆ (ui,uit ,uix,uiy,uitt ,uixt ,uiyt ,uixx,uiyy,uixy, · · · ) = 0,

(2.1)
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using the wave transformation

uix,y, t) = Ui(ξ ), ξ = k(x+ ly+ λ t), (2.2)

where k, l and λ are constants to be determined later.
Then the nonlinear partial differential system (2.1) is
reduced to a nonlinear ordinary differential system:

Θ(Ui,U
′
i ,U

′′
i , · · · ) = 0. (2.3)

Step 2. We introduce a new ansatz in terms of finite
rational formal expansion in the following form:

Ui(ξ )= ai0+
mi

∑
j=1

∑
r j1+r j2= j

a j
r j1r j2 φ r j1(ξ )ψr j2(ξ )

(µ1φ(ξ )+ µ2ψ(ξ )+ 1) j , (2.4)

where a j
r j1r j2 , µ1 and µ2 (r ji = 1,2, · · · , j; j =

1,2, · · · ,mi; i = 1,2) are constants to be determined
later and the new variables φ = φ(ξ ) and ψ = ψ(ξ )
satisfy two different Riccati equation, i. e.

dφ
dξ

= h1 + h2φ2,
dψ
dξ

= h3 + h4ψ2, (2.5)

where h1, h2, h3 and h4 are constants.
Step 3. Determine the mi of the rational formal poly-

nomial solutions (2.4) by respectively balancing the
highest nonlinear terms and the highest-order partial
derivative terms in the given system equations (see
[1 – 5] for details), and then give the formal solutions.

Step 4. Substitute (2.4) into (2.3) along with (2.5),
and then set all coefficients of φ p(ξ )ψq(ξ )(p =
0,1,2, · · · ; q = 0,1,2, · · ·) of the resulting system’s nu-
merator to zero to get an over-determined system of
nonlinear algebraic equations with respect to k, µ1, µ2

and a j
r j1r j2 (r ji = 1,2, · · · ; j = 1,2, · · · ,mi; i = 1,2).

Step 5. By solving the over-determined system of
nonlinear algebraic equations using the symbolic com-
putation system Maple, we end up with the explicit
expressions for k, µ1, µ2, and a j

r j1r j2 (r ji = 1,2, · · · ;
j = 1,2, · · · ,mi; i = 1,2).

Step 6. According to (2.2) and (2.4), the conclusions
in Step 5 and the general solutions of (2.5), which can
be seen in the Appendix, we can obtain rational formal
exact solutions of system (2.1), which include many
new types of complexiton solutions.

Remark 1: The method proposed here is more
general than the various existing methods [1 – 4] for
finding exact solutions of nonlinear partial differen-
tial equations (PDEs). The appeal and success of the

method lies in the fact that writing the exact solutions
of a nonlinear equation as polynomials of φ and ψ ,
whose derivations are in closed form, the equation can
be changed into a nonlinear system of algebraic equa-
tions. The system can be solved with the help of sym-
bolic computation.

Remark 2: Due to using two different Riccati equa-
tions with different parameters as subequations, we
can easily see that when h1 �= h3 or h2 �= h4, φ and
ψ satisfy different Riccati equations, so hyperbolic
functions and triangular functions can appear in one
solution at the same time. These solutions have not
been obtained by any other Riccati equation expan-
sion method or projective Riccati equation expansion
method [1 – 5]. Clearly, there are many combinations,
thus we omit them.

Remark 3: W. X. Ma [6] defined the complexiton
solutions and found the complexiton solutions to the
(Korteweg - de Vries (KdV) equation through its bilin-
ear form. By means of a mapping relation, Lou et al.
[7] found many new types of complexiton solutions.
Although our method can not recover all complexiton
solutions obtained by Ma’s method and Lou’s method,
other new types of complexiton solutions can not be
found by Ma’s method and Lou’s method. In particular,
our method is a unified straightforward and pure alge-
braic algorithm to integrable and nonintegrable equa-
tions, which is implemented in a computer algebraic
system. Of course, our method can also be extended to
other integrable and nonintegrable systems.

3. Exact Complexiton Solutions of the
(2+1)-Dimensional Burgers Equation

Let us consider the (2+1)-dimensional Burgers
equation

−ut + uuy + αvux + β uyy + αβ uxx = 0,

ux − vy = 0.
(3.1)

An equivalent form of the Burgers equation (3.1) is de-
rived from the generalized Painlevé integrability clas-
sification in [8].

In order to get some families of rational form wave
solutions to the (2+1)-dimensional Burgers equation,
by considering the wave transformations u(x,y, t) =
U(ξ ), v(x,y, t) = V (ξ ) and ξ = k(x + ly + λ t), we
change (3.1) to the form

−λU ′+ lUU ′+ αVU ′ + β kl2U ′′

+αβ kU ′′ = 0,

U ′ − lV ′ = 0.

(3.2)
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For the (2+1)-dimensional Burgers equation, by bal-
ancing the highest nonlinear terms and the highest-
order partial derivative terms in (3.2), we suppose that
(3.2) has the formal travelling wave solution

U(ξ ) = a0 +
a1φ + b1ψ

µ1φ + µ2ψ + 1
,

V (ξ ) = A0 +
A1φ + B1ψ

µ1φ + µ2ψ + 1
,

(3.3)

where µ1, µ2, a0, a1, b1, A0, A1 and B1 are constants
to be determined later, and the new variables φ and ψ
satisfy (2.5).

With the aid of Maple, substituting (3.3) along with
(2.5) into (3.2) and setting the coefficients of the terms
φ iψ j to zero yields a set of over-determined algebraic
equations with respect to a0, a1, b1, A0, A1, B1, µ1, µ2,
k, l and λ .

By use of the Maple soft package “Charsets” by
Dongming Wang, which is based on the Wu-elimin-
ation method, solving the over-determined algebraic

equations, we get the following results:

a1 = −b1h3

h1
, A1 = ±

√−αb1h3

αh1
, B1 = ±

√−αb1

α
,

µ1 = −h2µ2

h4
, λ = A0α + a0

√−α, l = ±√−α,

(3.4)

where a0, A0, b1, µ2 and k are arbitrary constants.
According to (3.3) – (3.4) and the general solutions

of (2.5) listed in the Appendix, we will obtain the fol-
lowing exact solutions for the (2+1)-dimensional Burg-
ers equation.

Note that: Since the solutions obtained here are so
many, we just list some new solutions for the (2+1)-
dimensional Burgers equation to illustrate the effi-
ciency of our method.

Family 1. When h1 = 1, h2 =−1 and h3 = h4 =±1,
then we can get a combination of tanh and tan function
solutions:

u1 = a0 ∓ b1 tanh(ξ )
±µ2 tanh(ξ )+ µ2 tan(ξ )+ 1

+
b1 tan(ξ )

±µ2 tanh(ξ )+ µ2 tan(ξ )+ 1
,

v1 = A0 ±
√−αb1 tanh(ξ )

α(±µ2 tanh(ξ )+ µ2 tan(ξ )+ 1)
−

√−αb1 tan(ξ )
α(±µ2 tanh(ξ )+ µ2 tan(ξ )+ 1)

,

(3.5)

where ξ = k(x+ ly+ λ t), a0, A0, b1, k, l and λ are arbitrary constants.
Family 2. When h1 = 1, h2 = −1 and h3 = h4 = ± 1

2 , then we can get a combination of tanh, sec and tan
function solutions:

u2 =a0∓ b1 tanh(ξ )
2(±2µ2 tanh(ξ )+µ2(sec(ξ )±tan(ξ ))+1)

+
b1(sec(ξ )±tan(ξ ))

±2µ2 tanh(ξ )+µ2(sec(ξ )±tan(ξ ))+1
,

v2 =A0±
√−αb1 tanh(ξ )

2α(±2µ2 tanh(ξ )+µ2(sec(ξ )±tan(ξ ))+1)
−

√−αb1(sec(ξ )±tan(ξ ))
α(±2µ2 tanh(ξ )+µ2(sec(ξ )±tan(ξ ))+1)

,

(3.6)

where ξ = k(x+ ly+ λ t), a0, A0, b1, k, l and λ are arbitrary constants.
Family 3. When h1 = 1, h2 = −1, h3 = 0 and h4 �= 0, then we can get a combination of tanh and rational

function solutions:

u3 = a0 − b1h4

µ2 tanh(ξ )(h4ξ + c0)− µ2h4 + h4(h4ξ + c0)
,

v3 = A0 +
h4
√−αb1

α(µ2 tanh(ξ )(h4ξ + c0)+ µ2h4 + h4(h4ξ + c0))
,

(3.7)

where ξ = k(x+ ly+ λ t), h4 �= 0, c0, a0, A0, b1, k, l and λ are arbitrary constants.
Family 4. When h1 = − 1

2 , h2 = 1
2 and h3 = h4 = ±1, then we can get a combination of tanh, sech and tan

function solutions:

u4 =a0± 4b1(tanh(ξ )±i sech(ξ ))
(∓µ2(tanh(ξ )±i sech(ξ ))+2µ2 tan(ξ )+2)

+
2b1 tan(ξ )

(∓µ2(tanh(ξ )±i sech(ξ ))+2µ2 tan(ξ )+2)
,

v4 =A0∓ 4
√−αb1(tanh(ξ )±i sech(ξ ))

α(∓µ2(tanh(ξ )±i sech(ξ ))+2µ2 tan(ξ )+2)
− 2

√−αb1 tan(ξ )
α(∓µ2(tanh(ξ )±i sech(ξ ))+2µ2 tan(ξ )+2)

,

(3.8)
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where ξ = k(x+ ly+ λ t), a0, A0, b1, k, l and λ are arbitrary constants.
Family 5. When h1 = − 1

2 , h2 = 1
2 and h3 = h4 = ± 1

2 , then we can get a combination of tanh, sech, sec and
tan function solutions:

u5 = a0 ± b1(tanh(ξ )± i sech(ξ )± sec(ξ )± tan(ξ ))
±µ2(tanh(ξ )± i sech(ξ ))+ µ2(sec(ξ )± tan(ξ ))+ 1

,

v3 = A0 ± b1
√−α(tanh(ξ )± i sech(ξ )± sec(ξ )± tan(ξ ))

α(±µ2(tanh(ξ )± i sech(ξ ))+ µ2(sec(ξ )± tan(ξ ))+ 1)
,

(3.9)

where ξ = k(x+ ly+ λ t), a0, A0, b1, k, l and λ are arbitrary constants.
Family 6. When h1 = 1, h2 = −1, h3 = 0 and h4 �= 0, then we can get a combination of tanh, sech, rational

function solutions:

u6 = a0 − 2b1h4

−µ2(tanh(ξ )± i sech(ξ ))(h4ξ + c0)−2µ2h4 + 2h4(h4ξ + c0)
,

v6 = A0 +
2
√−αb1h4

α(−µ2(tanh(ξ )± i sech(ξ ))(h4ξ + c0)−2µ2h4 + 2h4(h4ξ + c0))
,

(3.10)

where ξ = k (x+ ly+ λ t), h4 �= 0, c0, a0, A0, b1, k, l and λ are arbitrary constants.
Family 7. When h1 = h2 = ±1, h3 = 0 and h4 �= 0, then we can get a combination of tan and rational function

solutions:

u7 = a0 − b1h4

∓µ2 tan(ξ )(h4ξ + c0)−h4µ2 + h4(h4ξ + c0)
,

v7 = A0 +
√−αb1h4

α(∓µ2 tan(ξ )(h4ξ + c0)−h4µ2 + h4(h4ξ + c0))
,

(3.11)

where ξ = k(x+ ly+ λ t), h4 �= 0, c0, a0, A0, b1, k, l and λ are arbitrary constants.
Family 8. When h1 = 1, h2 = −1, h3 = 0 and h4 �= 0, then we can get a combination of tan, sec, rational

function solutions:

u8 = a0 − b1h4

µ2(sec(ξ )± tan(ξ ))(h4ξ + c0)− µ2h4 + h4(h4ξ + c0)
,

v8 = A0 +
√−αb1h4

α(µ2(sec(ξ )± tan(ξ ))(h4ξ + c0)− µ2h4 + h4(h4ξ + c0))
,

(3.12)

where ξ = k(x+ ly+ λ t), h4 �= 0, c0, a0, A0, b1, k, l and λ are arbitrary constants.
At the same time, we can also get some new solutions which are not the complexiton solutions and can not be

obtained by another tanh method, such as:
Family 9. When h1 = h3 = 1

2 and h2 = h4 = − 1
2 , then we obtain the following solutions:

u9 = a0 ± b1(tanh(ξ )± i sech(ξ )± coth(ξ )± csch(ξ ))
−µ2(tanh(ξ )± i sech(ξ ))+ µ2(coth(ξ )± csch(ξ ))+ 1

,

v9 = A0 ±
√−αb1(tanh(ξ )± i sech(ξ )± coth(ξ )± csch(ξ ))

α(−µ2(tanh(ξ )± i sech(ξ ))+ µ2(coth(ξ )± csch(ξ ))+ 1)
,

(3.13)

where ξ = k(x+ ly+ λ t), a0, A0, b1, k, l and λ are arbitrary constants.
Family 10. When h1 = h2 = ± 1

2 and h3 = h4 = ± 1
2 , then we obtain the following solutions:

u10 = a0 ± b1(sec(ξ )± tan(ξ )± csc(ξ )± cot(ξ ))
±µ2(sec(ξ )± tan(ξ ))+ µ2(csc(ξ )± cot(ξ ))+ 1

,

v10 = A0 ± b1
√−α(sec(ξ )± tan(ξ )± csc(ξ )± cot(ξ ))

α(±µ2(sec(ξ )± tan(ξ ))+ µ2(csc(ξ )± cot(ξ ))+ 1)
,

where ξ = k(x+ ly+ λ t), a0, A0, b1, k, l and λ are arbitrary constants.

(3.14)
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Fig. 1. Combination of the tanh and tan function solution of the (2+1)-dimensional Burgers fields u1 (a) and v1 (b), where

h1 = h3 = h4 = b1 = µ2 = k = 1, a0 = −
√

2
2 , A0 = 2, h2 = −1, α = −2 and y = 0. (c) Distribution of singular points of

solutions u1 and v1.

Fig. 2. Combination of tanh, sec and tan function solution of the (2+1)-dimensional Burgers fields u2 (a) and v2 (b), where

h1 = b1 = µ2 = k = 1, h2 = −1, h3 = h4 = 1
2 , a0 = −

√
2

2 , A0 = 2, α = −2 and y = 0. (c) Distribution of singular points of
solutions u2 and v2.

Fig. 3. Combination of tanh and rational function solutions of the (2+1)-dimensional Burgers fields u3 (a) and v3 (b), where

h1 = h4 = b1 = µ2 = k = 1, h2 = −1, h3 = 0, a0 = −
√

2
2 , A0 = 2, α = −2, c2 = 2 and y = 0. (c) Distribution of singular

points of solutions u3 and v3.
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Fig. 4. Real part (a), imaginary part (b) and the modulus (c) of combinations of tanh, sech and tan solutions of the (2+1)-
dimensional Burgers fields u4, where h1 = h4 = b1 = µ2 = k = 1, h2 = −1, h3 = 0, a0 = −√

2, A0 = 2, α = −2, c2 = 2 and
y = 0.

Fig. 5. Real part (a), imaginary part (b) and the modulus (c) of combinations of tanh, sech and tan solution of the (2+1)-

dimensional Burgers fields v4, where h1 = h4 = b1 = µ2 = k = 1, h2 = −1, h3 = 0, a0 = −
√

2
2 , A0 = 2, α = −2, c2 = 2 and

y = 0.

Fig. 6. Real part (a), imaginary part (b) and the modulus (c) of combinations of the tanh, sech, sec and tan function solution

of the (2+1)-dimensional Burgers field u5, where h1 = h4 = b1 = µ2 = k = 1, h2 = −1, h3 = 0, a0 = −
√

2
2 , A0 = 2, α = −2,

c2 = 2 and y = 0.
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Fig. 7. Real part (a), imaginary part (b) and the modulus (c) of combinations of tanh, sech, sec and tan function solutions of

the (2+1)-dimensional Burgers field v5, where h1 = h4 = b1 = µ2 = k = 1, h2 = −1, h3 = 0, a0 = −
√

2
2 , A0 = 2, α = −2,

c2 = 2 and y = 0.

The properties of these complexiton solutions: the
combination of tanh and tan function solution; the
combination of tanh, sec and tan function solution; the
combination of tanh and rational function solution; the
combination of tanh, sech and tan solution; the combi-
nation of tanh, sech, sec and tan function solution are
shown by some figures (Figs. 1 – 7). In addition, Figs.
1c, 2c, 3c show the distribution of singular points of
solutions ui and vi (i = 1,2,3). For similarity, other
corresponding distribution of singular points of other
solutions are omitted.

4. Conclusion

Many new types of complexiton solutions to the
(2+1)-dimensional Burgers equation have been inves-
tigated. These complexiton solutions possess various
combinations of trigonometric periodic and hyperbolic
function solutions, various combinations of trigono-
metric periodic and rational function solutions, vari-
ous combinations of hyperbolic and rational function
solutions. It is hoped that the study of these complexi-
ton solutions could further assist understanding, iden-
tifying and classifying nonlinear integrable and non-
integrable differential equations and their exact solu-
tions. In fact, we naturally use two or more really dif-
ferent subequations to replace two Riccati equations in
the multi-variable Riccati equation rational expansion
method, such as the pair of Riccati equations and the
elliptic equation [9]; thus we can obtain more rich com-
plexiton solutions possessing various combinations of
trigonometric periodic and elliptic function solutions,
various combinations of elliptic function solutions and
rational function solutions, various combinations of

hyperbolic and rational function solutions, etc. These
will be further considered.

Appendix

The general solutions of the Riccati equation

dF
dξ

= R1 + R2F2

are:
1.) when R1 = 1

2 and R2 = − 1
2 ,

F(ξ ) = tanh(ξ )± i sech(ξ ),
F(ξ ) = coth(ξ )± csch(ξ ),

2.) when R1 = R2 = ± 1
2 ,

F(ξ ) = sec(ξ )± tan(ξ ),
F(ξ ) = csc(ξ )± cot(ξ ),

3.) when R1 = 1 and R2 = −1,

F(ξ ) = tanh(ξ ), F(ξ ) = coth(ξ ),

4.) when R1 = R2 = 1,

F(ξ ) = tan(ξ ),

5.) when R1 = R2 = −1,

F(ξ ) = cot(ξ ),

6.) when R1 = 0 and R2 �= 0,

F(ξ ) = − 1
h2ξ + c0

.
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